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We explore the quantum-classical crossover of two coupled, identical, superconducting quantum in-
terference device (SQUID) rings. We note that the motivation for this work is based on a study of a
similar system comprising two coupled Duffing oscillators. In that work we showed that the entangle-
ment characteristics of chaotic and periodic (entrained) solutions differed significantly and that in the
classical limit entanglement was preserved only in the chaotic-like solutions. However, Duffing oscil-
lators are a highly idealised toy model. Motivated by a wish to explore more experimentally realisable
systems we now extend our work to an analysis of two coupled SQUID rings. We observe some differ-
ences in behaviour between the system that is based on SQUID rings rather than on Duffing oscillators.
However, we show that the two systems share a common feature. That is, even when the SQUID ring’s
trajectories appear to follow (semi) classical orbits entanglement persists.
Keywords: SQUID’s, entanglement, decoherence.
1. Introduction
In this paper we report the results of an initial study into the entanglement properties asso-
ciated with the quantum classical crossover of two coupled SQUID rings. This work can be
considered as being part of a much larger study spanning many years (see, for example, 1, 2,
3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17). The overarching theme being the quantum-
classical crossover of systems the exhibit non-linear dynamics in their classical motion.
Our interest arises from the fact the Schro¨dinger equation is linear. Hence, when applying
the correspondence principle, how can one recover classical like trajectories of classically
non-linear systems in terms of expectation values of quantum mechanical observables? A
general solution appears to take the form of introducing environmental degrees of freedom
together with a suitable expression of the correspondence principle.
This particular study was motivated by a previous investigation14 of two coupled duff-
ing oscillators. In that work we wished to extend the analysis of the quantum classical
crossover of a single Duffing oscillator1,2,3,4,5,6,9,10 to more complex systems. Specifi-
cally we wished to study the the recovery of classical like orbits from a quantum description
of two coupled identical Duffing oscillators. Here our interest lay in understanding how
the purely quantum mechanical phenomena of entanglement would change as the coupled
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system approached the classical limit. We showed “that the entanglement characteristics
of two classical states (chaotic and periodic solutions) differ significantly in the classi-
cal limit. In particular, we show[ed] that significant levels of entanglement are preserved
only in the chaotic-like solutions”14. Although the Duffing oscillator has been studied for
many years with great interest it is, nevertheless, a toy model. Hence, recently, our fo-
cus has moved to include the study of SQUID rings. These are devices that can manifest
similar properties as the Duffing oscillator (such as a double well potential and classical,
dissipative, chaos) but are also readily fabricated. Hence, in this paper we investigate the
entanglement characteristics for the quantum-classical crossover of a system comprising of
two identical coupled SQUID rings.
The correspondence principle in quantum mechanics is usually expressed in the form:
“For those quantum systems with a classical analogue, as Planck’s constant becomes van-
ishingly small the expectation values of observables behave like their classical counter-
parts”18. Applying this expression of the correspondence principle together with intro-
duction of environmental degrees of freedom via unravelling the master equation is the
standard method of recovering trajectories of classically non-linear systems. Indeed, we
used this procedure to recover classical like trajectories for our work on two coupled Duff-
ing oscillators. However, in 17 we found that this formulation of the correspondence prin-
ciple cannot be applied to SQUID rings. Instead we proposed a more pragmatic version as
follows: Consider ~ fixed (it is) and scale the Hamiltonian so that when compared with the
minimum area ~/2 in phase space:
(a) the relative motion of the expectation values of the observable become large and
(b) the state vector is localised.
Then, under these circumstances, expectation values of operators will behave like their
classical counterparts17.
In this work the the evolution of the state vector |ψ〉 of the open system comprising of
two coupled SQUID rings subject to Ohmic damping will be modelled using a quantum
state diffusion unravelling of the master equation. This model takes the form of an Itoˆ
increment equation given by12,13
|dψ〉 = − i
~
Hˆsys |ψ〉 dt
+
∑
j
[〈
Lˆ†j
〉
Lˆj − 1
2
Lˆ†jLˆj −
1
2
〈
Lˆ†j
〉〈
Lˆj
〉]
|ψ〉 dt
+
∑
j
[
Lˆj −
〈
Lˆj
〉]
|ψ〉 dξ (1)
where the first term on the right hand side of this equation is the Schro¨dinger evolution
of the system with Hamiltonian Hˆsys. The effect of the environment is modelled by the
addition of a second (drift) and third (fluctuation) term that describe the decohering effects
of the environment on the systems state vector. In this work we consider only one Lindblad
operator per subspace Lˆj =
√
2ζaˆj , where aj is annihilation operator. The time increment
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Fig. 1. The dynamics of the expectation values of position and momentum as a function of time (normalised to
drive periods) for β = 0.01, β = 0.1, β = 0.25 and β = 1.0. The dynamics have been taken over the same
duration and displayed so that, with the exception β = 1.0, they approximately align at the time (τe) at which
entrainment occurs. (NB: Figure and caption reproduced from 14)
is dt and the dξ are complex Weiner increments satisfying dξ2 = dξ = 0 and dξdξ∗ =
dt12,13 where the over-bar denotes the average over infinitely many stochastic processes.
2. Review of the entanglement properties of two coupled Duffing oscillator
In order to set the scene for our new results we now summarise some of the text and results
from our earlier work on entanglement dynamics in coupled Duffing oscillators14. In that
work we extended the analysis of previous work on such systems10,5 and considered two
identical, coupled Duffing oscillators. The Hamiltonian for each oscillator was given by
Hi =
1
2
p2i +
β2
4
q4i −
1
2
q2i +
gi
β
cos (t) qi +
Γi
2
(qipi + piqi) (2)
where qi and pi are the position and momentum operators for each oscillator. As usual for
Ohmic damping, the Lindblad operators were simply Li =
√
2Γiai (for i = 1, 2), where
ai is the annihilation operator. As with previous work in this field10,5 in 14 we set the
parameters gi = 0.3 and Γi = 0.125 respectively. The Hamiltonian for the coupled system
then was taken to be:
H = H1 +H2 + µq1q2 (3)
where we set the coupling strength µ = 0.2. In this work the parameter β is a scaling
parameter for ~ with β = 1 being the fully classical limit.
Solutions to the equation of motion for the state vector (1) are shown in Figure 1. Here
we show the evolution of the expectation values of position and momentum for the two
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Fig. 2. Mean entanglement entropy as a function of β for the chaotic-like and periodic (entrained) states. Here
we see that the entanglement entropy for system in the chaotic state does not vanish as β approaches the classical
regime. (NB: Figure and caption reproduced from 14)
coupled oscillators as a function of time for a four different values of β. The emergence of
classical trajectories for small β is clearly apparent. Furthermore for β = 0.01, 0.1 and 0.25
chaotic behaviour of the ceases after some time and the motion becomes almost periodic.
We measured the entanglement between the two oscillators by computing the entropy of
entanglement for the system19. That is the von Neumann entropy20 of the reduced density
operator ρi for one of the oscillators i.e.
S (ρi) = −Tr[ρi ln ρi].
We then demonstrated that that when these coupled Duffing oscillators enter the almost
periodic entrained state the entanglement falls rapidly as the system approaches the clas-
sical regime. However, when both oscillators undergo chaotic like motion we found that
significant average entangled remained even when the dynamics of the system appear to
be classical. We found these results (shown in figure 2) surprising, as entanglement, which
does not have a classical counterpart, persisted even for classical looking trajectories.
3. RSJ model and scaling the dynamics
As already noted, in 17 we found that the SQUID ring Hamiltonian was incompatible with
the correspondence principle phrased in terms of making Planck’s constant vanishingly
small. A solution to this problem was found by scaling the system so that the underlying
dynamics remain, qualitatively, the same. We can see how this may be achieved for SQUID
rings by looking at the classical equations of motion that are given by the resistively shunted
junction (RSJ) model. The RSJ equation of motion for the magnetic flux, Φ, within a driven
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SQUID ring is21:
C
d2Φ
dt2
+
1
R
dΦ
dt
+
Φ− Φx
L
+ Ic sin
(
2piΦ
Φ0
)
= Id sin (ωdt) (4)
where Φx, C, Ic, L and R are, respectively, the external flux bias, capacitance and critical
current of the weak link, the inductance of the ring and the resistance. The drive amplitude
and frequency are Id and ωd respectively and Φ0 = h/2e is the flux quantum.
We can then rewrite (4) in the standard, universal oscillator like, form by making the
following definitions: ω0 = 1/
√
LC, τ = ω0t, ϕ = (Φ − Φx)/Φ0, ϕx = Φx/Φ0, β =
2piLIc/Φ0, ω = ωd/ω0, ϕd = IdL/Φ0 and ζ = 1/2ω0RC. This yields the following
equation of motion:
d2ϕ
dτ2
+ 2ζ
dϕ
dτ
+ ϕ+
β
2pi
sin [2pi (ϕ+ ϕx)] = ϕd sin (ωτ) (5)
In this system of units we then see that we can scale the system Hamiltonian through
changing either C → aC or L → bL so long as we also make the following changes:
R→
√
b/aR, Id → Id/
√
b and ωd → ωd/
√
ab.
In this paper we use the following basic circuit parameters C = 1 × 10−13F, L =
3 × 10−10H, R = 100Ω, β = 2, ωd = ω0 and Id = 0.9µA. We note that we have biased
the ring at the half flux quantum, Φx = 0.5Φ0, so that the potential approximates a double
well. We change a so that C varies between 1 × 10−16 F (quantum limit) and 1 × 10−9 F
(classical limit), changing other circuit parameters in line with the above methodology.
4. Quantum mechanical description of the SQUID Ring
We now turn to the quantum description of this system. The SQUID ring Hamiltonian for
each of the identical rings on their own is22:
Hˆi =
Qˆ2i
2C
+
(
Φˆi − Φxi(t)
)2
2L
− ~Ic
2e
cos
(
2piΦˆi
Φ0
)
(6)
where the magnetic flux threading each ring, Φˆi, and the total charge across each weak link
Qˆi take on the roles of conjugate variables for the system with the imposed commutation
relation
[
Φˆi, Qˆi
]
= i~ and Φ0 = h/2e is the flux quantum. Here Φxi(t) is the external
applied magnetic flux and incorporates the drive term for each ring.
We define dimensionless flux and charge operators in the manner usual for the simple
harmonic oscillator: xˆi =
√
Cω0/~Φˆi and pˆi =
√
1/~Cω0Qˆi.
Hˆ ′i = Hˆi/~ω0 we find that
Hˆ ′i =
pˆ2i
2
+
[xˆi − xi(t)]2
2
− Ic
2eω0
cos (Ωxˆi) (7)
where Ω =
[
(4e2/~)
√
(L/C)
]1/2
.
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Fig. 3. Mean entanglement entropy as a function of Capacitance two coupled SQUID rings. Here we see that
the entanglement entropy for system does not vanish even as it approaches its classical limit.
We note that this method of introducing Ohmic damping does not bring with it the
frequency shift that arises through the damping term in the classical dynamics. We re-
solve this problem, as for the Duffing oscillator, by the addition of an extra term to the
Hamiltonian18,5. That is, the Hamiltonian
Hˆ ′i =
pˆ2i
2
+
[xˆi − xi(t)]2
2
− Ic
2eω0
cos (Ωxˆi) +
ζ
2
(pˆixˆi + xˆipˆi) (8)
is one we can use to generate trajectories that will be comparable to those predicted by the
RSJ model.
Hˆtotal =
∑
i∈{1,2}
{
pˆ2i
2
+
[xˆi − xi(t)]2
2
− Ic
2eω0
cos (Ωxˆi)+
ζ
2
(pˆixˆi + xˆipˆi)
}
+ µxˆ1xˆ2
where µ = 0.2
5. Results and comparison with the Duffing oscillator
We are now in a position to present results for two coupled SQUID rings for compari-
son with figure 2. Here we have computed the average entanglement as a function of ca-
pacitance (for a selection of scale parameters a). However we note that the entanglement
entropies presented here are is the average entanglement over either a long time period
or many similar trajectories. It is not the entanglement associated with the average den-
sity operator taken of many experiments. This average entanglement cannot therefore be
considered usable in a quantum information sense. In figure 3 we show this average entan-
glement entropy. Here the averaging of each trajectory was determined on a point by point
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Fig. 4. The dynamics of the expectation values of normalised flux and charge as a function of dimensionless
time for a range of capacitances.
basis. A sufficient averaging was used so as to ensure that the results presented here had
settled to within a percent or so.
As for the Duffing oscillators, here the mean entanglement does not appear to vanish
in the classical limit (large capacitance). Another surprising feature in common with the
Duffing oscillator results is that the average entropy is not maximum at the most quantum
limit (smallest capacitance).
From our previous study of the Duffing oscillator as well as that presented in 23 we
expect this average entanglement of the pure state to be associated with and underlying
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chaotic or non-linear dynamics. In figure 4 we show sample phase portraits for the ex-
pectation values of flux and charge as a function of dimensionless time. For very small
capacitance’s we see the motion is dominated by noise fluctuations. As the capacitance in-
creases we see, as expected, the emergence of non-linear dynamical behaviour. However
rather surprisingly we see that for large values of capacitance (i.e. the classical limit) this
non-linear dynamics gives way to a nearly periodic motion. This result for SQUID rings is
in stark contrast to those for the system comprising of Duffing oscillators. Whilst we find
these results most interesting we are, here, reporting our preliminary results in the study of
coupled SQUID rings in the correspondence limit. We will explore these results in more
detail in later work.
6. Conclusion
We have shown that for two coupled SQUID rings the average entanglement persists as the
rings approach their classical limit. Indeed the trend seems very similar to that associated
with the chaotic motion of two coupled Duffing oscillators. We note that for the uncoupled
rings the dynamics remains non-linear for all values of the scale parameter a. However, we
have seen this is not the case for the coupled system. Unlike the entanglement entropies
for two coupled Duffing oscillators with the SQUID ring based system we see no sudden
change in the mean entanglement entropy associated with this change in the underlying dy-
namics. Specifically, even in nearly periodic orbits the SQUID rings exhibit non-negligible
entanglement entropies even when the underlying dynamics appears almost classical and
periodic. As this entanglement is associated with nearly periodic motion it may form the
basis for extracting usable entanglement from this system. This is something that we will
explore in a more detailed investigation of this system at a later date.
Acknowledgments
The author would like to thank The Physics Grid (Loughborough) and Loughborough Uni-
versity HPC service for use of their facilities.
1. T. Bhattacharya, S. Habib, and K. Jacobs. Continuous quantum measurement and the emergence
of classical chaos. Phys. Rev. Lett., 85:4852, 2000.
2. T. Bhattacharya, S. Habib, and K. Jacobs. Continuous quantum measurement and the quantum
to classical transition. Phys. Rev. A, 67:042103, 2003.
3. S. Ghose, P. Alsing, I. Deutsch, T. Bhattacharya, and S. Habib. The transition to classical chaos
in a coupled quantum system through continuous measurement. Phys. Rev. A, 69:052116, 2004.
4. R. Schack, T.A. Brun, and I.C. Percival. J. Phys. A, 28:5401, 1995.
5. I.C. Percival. Quantum State Diffusion. Cambridge University Press, 1998.
6. S. Habib, K. Shizume, and W. H. Zurek. Decoherence, chaos, and the correspondence principle.
Phys. Rev. Lett., 80:4361–4365, 1998.
7. T.P. Spiller, T.D. Clark, H. Prance, R.J. Prance, and J.F. Ralph. The quantum to classical
crossover for a weak link capacitor. J. Low Temp. Phys., 101:279–303, 1995.
8. B.D. Greenbaum, S. Habib, K. Shizume, and Sundaram B. Semiclassics of the chaotic quantum-
classical transition. Phys. Rev. E, 76:046215, 2007.
9. T. A. Brun, N. Gisin, P.F. O’Mahony, and M. Gigo. From quantum trajectories to classical orbits.
Phys. Lett. A., 229:267–272, 1997.
July 31, 2018 13:9 WSPC/INSTRUCTION FILE everitt˙2008-09-02
Non-linear dynamics, entanglement and the quantum-classical crossover of two coupled SQUID rings 9
10. T. A. Brun, I. C. Percival, and R. Schack. Quantum chaos in open systems: A quantum state
diffusion analysis. J. Phys. A-Math. Gen., 29:2077–2090, 1996.
11. T. P. Spiller and J. F. Ralph. The emergence of chaos in an open quantum system. Phys. Lett. A,
194:235–240, 1994.
12. N. Gisin and I. C. Percival. Quantum state diffusion, localization and quantum dispersion en-
tropy. J. Phys. A-Math. Gen., 26:2233–2243, 1993.
13. N. Gisin and I. C. Percival. The quantum state diffusion picture of physical processes. J. Phys.
A-Math. Gen., 26:2245–2260, 1993.
14. M.J. Everitt, T.D. Clark, P.B. Stiffell, J.F. Ralph, and A.R. Bulsara. Persistent entanglement in
the classical limit. N. J. Phys, 7, 2005.
15. M.J. Everitt, T.D. Clark, P.B. Stiffell, J.F. Ralph, A.R. Bulsara, and C.J. Harland. Signatures
of chaoticlike and nonchaoticlike behavior in a nonlinear quantum oscillator through photon
detection. Phys. Rev. E, 7:066209, 2005.
16. M. Everitt. Recovery of classical chaoticlike behavior in a conservative quantum three-body
problem. Phys. Rev. E, 75:036217, 2007.
17. M.J. Everitt. On the correspondence principle: implications from a study of the chaotic dynamics
of a macroscopic quantum device. arXiv:0712.3043, 2007.
18. E. Merzbacher. Quantum Mechanics. John Wiley & Sons, Inc., New York, 3rd edition, 1998.
19. C.H. Bennett, H.J. Bernstein, S. Popescu, and B. Schumacher. Concentrating partial entangle-
ment by local operations. Phys. Rev. A., 53:2046–2052, 1996.
20. M.A. Nielsen and I.L. Cheung. Quantum Computation and Information. Cambridge University
Press, 2000.
21. K. Likharev. Dynamics of Josephson Junctions and Circuits. Taylor & Francis, London, 1986.
22. A. Barone and G. Paterno. Physics and Applications of the Josephson Effect. John Wiley & Sons
Inc, 1982.
23. S. Ghose, P.M. Alsing, B.C. Sanders, and I.H. Deutsch. Entanglement vs. the quantum-to-
classical transition. quant-ph/0409133, 2004.
